Uncertainty in pressure sensitive paint (PSP) measurement is investigated from a standpoint of system modeling. A functional relation between the imaging system output and luminescent emission from PSP is obtained based on studies of radiative energy transports in PSP and photodetector response to luminescence. This relation provides insights into physical origins of various elemental error sources and allows estimate of the total PSP measurement uncertainty contributed by the elemental errors. The elemental errors and their sensitivity coefficients in the error propagation equation are evaluated. Useful formulas are given for the minimum pressure uncertainty that PSP can possibly achieve and the upper bounds of the elemental errors to meet required pressure accuracy. An instructive example of a Joukowsky airfoil in subsonic flows is given to illustrate uncertainty estimates in PSP measurements.
Introduction
Pressure sensitive paint (PSP) is an optical technique for measuring surface pressure distributions on wind tunnel models [1] [2] [3] . Compared with conventional techniques such as pressure taps, PSP provides a non-contact way to obtain full-field measurements of surface pressure with much higher spatial resolution. Due to oxygen quenching of luminescence, luminescent intensity (I) emitted from PSP is related to air pressure (P) by the Stern-Volmer equation 
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, ( 3 ) where E nr is the Arrhenius activation energy for the non-radiative process, E p is the activation energy for oxygen diffusion, and R is the universal gas constant. Eq. (3) implies that the temperature dependence of A(T) is mainly due to the thermal quenching as temperature sensitive paint (TSP) while B(T) is related to the temperature dependence of the oxygen diffusivity in a polymer. For a typical PSP (Bath Ruth + silica gel in GE RTV 118), the coefficients in Eq. (3) Uncertainty estimates for PSP measurements are highly desirable. Based on the Stern-Volmer equation, Sajben [4] investigated error sources contributing to the uncertainty of PSP measurements.
He found that the uncertainty strongly depends on flow conditions and surface temperature significantly affects the final measurement result. Oglesby et al. [5] presented an analysis of intrinsic limits of the Stern-Volmer relation to achievable sensitivity and accuracy. Mendoza [6, 7] studied CCD camera noise and its effect on PSP measurement and suggested the limiting Mach number for quantitative PSP measurements. Relevant issues of PSP uncertainty were also addressed in other literature [1, 3, 8] . On the other hand, Cattafesta et al. [9] gave uncertainty estimates for temperature sensitive paint (TSP) measurements with CCD cameras.
The Stern-Volmer equation (1) or (2) describes a generic relationship between air pressure and luminescent intensity. However, a complete analysis of PSP measurement uncertainty requires a more specific relation between air pressure and imaging system's output that depends on various system elements such as paint, photodetector, optical filters, and illumination sources. In this paper,
solving the transport equations of radiative energy and modeling an imaging system, we obtain a functional relation between the imaging system's output and various system parameters such as the performance parameters of the optical system and the physical properties of PSP. Based on this relation, a sensitivity analysis is given to evaluate the major elemental error sources and total uncertainty in PSP measurements. The minimum pressure difference that PSP can resolve is derived and the upper bounds of the elemental errors for required pressure accuracy are estimated.
A sample uncertainty analysis for subsonic flows over a Joukowsky airfoil is given to illustrate some issues in PSP measurements.
Luminescent Radiation and Photodetetor Response
Luminescent radiation from a PSP layer on a surface involves two major physical processes.
The first process is absorption of an excitation light through the PSP layer. The incident excitation light with a wavelength λ 1 is absorbed when traveling in the layer, and is reflected and scattered back to the layer at the wall surface. The second is luminescent radiation that is an absorbing-emitting process in the layer. After luminescent molecules in the layer are excited by the excitation light, they emit luminescence with a longer wavelength λ 2 . Figure 1 illustrates absorption and surface reflection/scattering of an excitation light and radiation of luminescence in a PSP layer. In general, the illumination and emission processes in a PSP layer can be described by the transport equations of radiative energy [10, 11] . When strong scattering and reflection occur only at the wall surface, the luminescent intensity emitted from a PSP layer in plane geometry can be analytically determined by solving the transport equations of radiative energy (see Appendix). When the PSP layer is optically thin, the outgoing luminescent energy flow rate Consider an optical detector system (e.g. CCD camera) shown in Fig. 2 . The detector output depends on not only the outgoing luminescent energy flow rate
Q , but also the performance parameters of the optical system. In Appendix, we obtain an expression for the output of the
where V is the output of the detector, G is the system's gain, I A is the image area,
the f-number,
is the optical magnification, fl is the system's effective focal length, D is the aperture diameter, 1 R is the distance between the lens and the source area (e.g. model surface), and 2 R is the distance between the lens and the sensor. Physically, the term 2 K represents the combined effect of the optical filter for the luminescent light, luminescent light scattering, and system response to the luminescent light (see Appendix).
Modeling of PSP Measurement System
The detector output is
The parameters c and f are
, which are related to the imaging system performance and filter parameters, respectively. The quantum yield
, where k r is the radiative rate constant, k nr is the non-radiative deactivation rate constant, k q is the quenching rate constant, and [O 2 ] is the oxygen concentration. This relation reflects the competition among the radiation, non-radiative deactivation and quenching processes. The concentration of oxygen is related to air pressure P by
, where S is the solubility of oxygen and a is the volume fraction of oxygen in air. In PSP applications, the intensity-ratio method is currently used as a typical procedure to eliminate the effects of spatial variation in illumination, paint thickness, and molecule concentration. When a ratio between the wind-on and reference wind-off images is taken, air pressure P can be expressed in terms of the system's outputs and other variables
The factor U 1 is
are the coordinates in the wind-off and wind-on images,
are the object space coordinates in the wind-off and wind-on cases, respectively, and t and t' are the instants at which the wind-off and wind-on images are taken, respectively. Here the paint thickness and dye concentration are expressed as a function of x rather than X because image registration errors are more easily treated in the image plane. In fact, x and X are related through the perspective collinearity equations in photogrammetry.
In order to separate complicated coupling between the temporal and spatial variations of the variables, some terms in (7) . For small x and t , the ratio of the images can be separated into two factors,
, where the factor
represent the effects of the temporal and spatial changes of the luminescent intensity, respectively. The temporal change of the luminescent intensity is mainly caused by photodegradation and sedimentation of dusts and oil droplets on a surface. The spatial intensity change is due to model deformation. In the same fashion, the excitation light flux is decomposed into
reflects the temporal variation in the excitation light flux. The use of the above estimates yields the modified Stern-Volmer equation
where
Without model motion ( x x' = and X X' = ) and temporal illumination fluctuation, the factor U 2 is unity and then Eq. (8) recovers the generic Stern-Volmer equation. However, unlike the generic Stern-Volmer equation used in previous PSP uncertainty estimates, Eq. (8) is a general relation that includes the effects of model deformation, spectral variability, and temporal variations in both illumination and luminescence. This relation allows a more complete uncertainty analysis and a clearer understanding of how these variables contribute the total uncertainty in PSP measurements.
Error Propagation, Sensitivity and Total Uncertainty
According to general uncertainty analysis formalism [12, 13] , the total uncertainty of pressure P is described by the error propagation equation ). Table I lists the sensitivity coefficients, the elemental errors and their physical origins. Many sensitivity coefficients are proportional to a
. For Bath Ruth + silica-gel in GE RTV 118, Figure 3 shows the
for different temperatures. This factor is only slightly changed by temperature. The temperature sensitivity coefficient is
, where the prime denotes differentiation. Figure 4 shows the absolute value of T S as a function of
at different temperatures. As long as the elemental errors are evaluated, the total uncertainty in pressure can be calculated using Eq. (9). The major elemental error sources will be discussed below.
Elemental Error Sources

Photodetector noise and limiting pressure resolution
The uncertainties in the photodetector outputs V and ref V are contributed from various noise sources in a photodetector (e.g. camera) such as photon shot noise, dark current shot noise, amplifier noise, quantization noise, and pattern noise. When the dark current and pattern noise are subtracted and the noise floor is negligible, the detector noise is photon-shot-noise-limited. In this case, the signal-to-noise ratio (SNR) of the detector is G is the system's gain, and V is the detector output. The uncertainties in the outputs are
In the photon-shot-noise-limited case in which the error propagation equation contains only two terms related to V and ref V , the uncertainty in P is
This relation holds for both non-imaging detectors and CCD. For a CCD camera, the first factor in the right-hand side of Eq. (10) can be simply expressed by the total number of photoelectrons collected over the integration time (
When the full-well capacity of a CCD is achieved, one obtains the minimum pressure difference that PSP can measure from a single frame of image 
Errors induced by model deformation
Model deformation due to aerodynamic loads causes a displacement
of the windon image relative to the wind-off image. This displacement leads to the deviations of
, and
in Eq. (8) from unity because the distributions of the luminescent intensity, paint thickness and dye concentration are not spatially homogeneous on a surface. After the image registration is applied to align the images, the estimated variances are
, where x and y are the standard deviations of least-squares estimation in the image registration.
The uncertainty in
is caused by a change in the illumination intensity on a model surface after the model moves with respect to the light sources. When a point on the model surface travels along the displacement vector X X' X − = in object space, the variance of
. Consider a point light source with a light flux distribution
, where n is an exponent (normally n = 
Temperature effects
Since the luminescent intensity of PSP is intrinsically temperature-dependent, a temperature change on a model surface during wind tunnel runs results in a bias error in PSP measurement if the temperature effects are not corrected. Temperature also influences the total uncertainty of PSP measurement by altering the sensitivity coefficients of the variables in the error propagation equation. Hence, the surface temperature on a model must be known in order to correct the temperature effects of PSP. In general, the surface temperature distribution can be either measured by using temperature sensitive paint (TSP) or determined numerically by solving the energy equation in flows coupled with the heat conduction equation in the model. For a compressible boundary layer on an adiabatic wall, the adiabatic wall temperature aw T can be estimated using a simple relation
, where r is the recovery factor for the boundary layer, 0 T is the total temperature, M is the local Mach number, and γ is the specific heat ratio.
PSP calibration errors
The uncertainties in determining the Stern-Volmer coefficients A(T) and B(T) are calibration errors. In a priori PSP calibration in a pressure chamber, the uncertainty is represented by the standard deviation of data collected in replication tests. Because the tests in a pressure chamber are well controlled, a priori calibration result shows a small precision error. However, a significant bias error is usually found when the a priori calibration result is directly used for data reduction in wind tunnel tests. In contrast, in-situ calibration utilizes pressure tap data over a model surface to determine the Stern-Volmer coefficients. Because the in-situ calibration fits the local luminescent intensity to the pressure tap data, it can to some extent reduce bias errors such as the temperature effects and naturally achieves a better agreement with the pressure tap data.
Temporal variations in luminescence and illumination
For PSP measurements in steady flows, a temporal change in the luminescent intensity mainly results from the photodegradation and sedimentation of dusts and oil droplets on a model surface.
The photodegradation of PSP may occur when there is a considerable exposure of PSP to the excitation light between the wind-off and wind-on measurements. Dusts and oil droplets in air sediment on a model surface during wind-tunnel runs. The resulting dust/oil layer absorbs both the excitation light and luminescent emission on the surface and thus causes a decrease of the luminescent intensity. The uncertainty in ) t ( D t due to these effects can be collectively characterized by the variance
. Similarly, the uncertainty in
, which is produced by an unstable excitation light source, is described by
Spectral variability and filter leakage
The uncertainty in 
Pressure mapping errors
The uncertainties in pressure mapping are related to the data reduction procedure in which PSP data in 2D images are mapped onto a model surface grid in 3D object space. They include errors in camera calibration and mapping onto a surface grid of a presumed rigid body. The camera calibration error is represented by the standard deviations x and y of the calculated target coordinates from the measured target coordinates in the image plane. Typically, a good camera calibration method gives the standard deviation of about 0.04 pixels. For a given PSP image, the pressure variance induced by the camera calibration error is
The pressure mapping onto a non-deformed surface grid leads to another deformation-related error since the model undergoes considerable deformation due to aerodynamic loads in wind tunnel tests. If a displacement vector of a point on the model surface in object space is X X' X − = , the pressure variance induced by mapping onto a rigid body grid without correcting the deformation is
, where
is the pressure gradient on the surface and surf ) ( X is the component of the displacement vector projected on the surface. To eliminate this error, a deformed surface grid has to be generated for PSP mapping based on model deformation measurements [15] .
Other error sources
Other error sources include self-illumination, paint intrusiveness, limiting time response, and induction effect. Self-illumination is a phenomenon that luminescence from one part of a model surface reflects to another surface, thus distorting the observed luminescent intensity by superposing all the rays reflected from other points. It often occurs on surfaces of neighbor components of a complex model. Ruyten [16] discussed this problem and gave a numerical correction procedure for self-illumination. Paint layer with a non-homogenous thickness modifies the shape of a model such that the surface pressure distribution may be changed. Hence, this paint intrusiveness to flows should be considered as an error source in PSP measurements. In PSP applications in unsteady flows, the limiting time response of PSP imposes an additional restriction on the accuracy of PSP measurement. The time response of PSP is mainly determined by oxygen diffusion process through the PSP layer [17] . Another problem related to the time response is the 'induction effect' defined as an increase in luminescence during the first few minutes of illumination. This effect has been observed with certain paints and the photochemical process behind it has been explained by Gouterman [18] .
Allowable Upper Bounds of Elemental Errors
In the design of PSP experiments, we need to give the allowable upper bounds of the elemental errors for required pressure accuracy. This is an optimization problem subject to constraints. In matrix notations, Eq. (9) 
When the weighting factors i W equal the absolute values of the sensitivity coefficients | S | i , the upper bounds can be expressed in a very simple form (14) where V N is the total number of the variables or the elemental error sources. The relation (14) clearly indicates that the allowable upper bounds of the elemental uncertainties are inversely proportional to the sensitivity coefficients and the square root of the total number of the elemental error sources. Figure 7 shows . Clearly, the allowable upper bound for temperature is much lower than others. Therefore, the temperature effcts must be tightly controlled in order to achieve the required pressure accuracy.
PSP Uncertainty Estimates on a Joukowsky Airfoil in Subsonic Flows
Hypothetical PSP measurements on a Joukowsky airfoil in subsonic flows are considered to illustrate how to estimate the elemental errors and the total uncertainty by using the techniques developed above. The airfoil and incompressible potential flows around it are generated by using the Joukowsky transform. The pressure coefficients C p on the airfoil in the corresponding compressible flows are obtained by using the Karman and Tsien rule. Figure 8 shows . Assume that the spatial changes of the paint thickness and dye concentration in the image plane are 0.5%/pixel and 0.1%/pixel, respectively. The rate of the photodegradation of the paint is 0.5%/hour for a given excitation level and the exposure time of the paint is 60 seconds between the wind-off and wind-on images. The rate of reduction of the luminescent intensity due to dust/oil sedimentation on the surface is assumed to be 0.5%/hour.
In an object-space coordinate system whose origin is at the leading edge of the airfoil, four light sources for illuminating PSP are placed at the locations The temporal variation of irradiance of the lights is assumed to be 1%/hour. It is also assumed that the spectral leakage of the optical filters for the lights and cameras is 0.3%. . Combination of these estimates and Eq. (10) can give the shot-noise-generated uncertainty distributions on the surfaces.
Movement of the airfoil produced by aerodynamic loads can be expressed by a superposition of local rotation (twist) and translation. The transformation between the non-moved and moved surface coordinates 
between the wind-on and wind-off cases (Fig. 8) .
The total uncertainty in air pressure P is estimated by substituting all the elemental errors into Eq. (9) . Figure 9 shows the pressure uncertainty distributions on the upper and lower surfaces of the airfoil for different freestream Mach numbers. It is indicated that the temperature effects of PSP dominate the uncertainty of PSP measurement in an adiabatic wall. The uncertainty becomes larger and larger as Mach number increases since the adiabatic wall temperature increases. The local pressure uncertainty on the upper surface is as high as 50% at one location for Mach = 0.7, which is caused by the local surface temperature change of about 6 degrees. In order to compare the PSP uncertainty with the pressure variation on the airfoil, a maximum relative pressure variation on the airfoil is defined as
. Figure 10 shows the maximum relative 
Excitation light
Consider a PSP layer with a thickness h on a wall (Figure 1 ). Suppose that PSP is not a scattering medium and scattering exists only at the wall surface. An incident excitation light beam with a wavelength λ 1 enters the layer. Without scattering and other sources for excitation energy, the incident light is attenuated by absorption through a PSP medium. In plane geometry where the radiative intensity is independent of the azimuthal angle, the intensity of the incident excitation light with λ 1 can be described by
where ) (see Fig. 1 ). For the collimated excitation light, the boundary value for Eq. (A1)
is the component penetrating into the PSP layer,
where 0 q and ) ( E 
This relation describes the decay of the incident excitation light intensity through the layer. The incident excitation light flux at the wall integrated over the ranges of from either to 2 / or to 3 /2 is
where d C is the coefficient representing the directional effect of the excitation light, that is,
When the incident excitation light impinges on the wall, the light reflects and re-enters into the layer. Without scattering source inside PSP, the intensity of the reflected and scattered light from ). The net flux is 
Luminescent emission
After luminescent molecules in PSP absorb the energy from the excitation light with a wavelength λ 1 , they emit luminescence with a longer wavelength λ 2 due to the Stokes shift.
Luminescent radiative transfer in PSP is an absorbing-emitting process. The luminescent light rays from the luminescent molecules radiate in both the inward and outward directions.
For the luminescent emission toward the wall, the luminescent intensity
is the luminescent source term and the extinction coefficient 
is the luminescent quantum yield that depends on pressure (P) and temperature (T),
is the luminescent emission spectrum, and ) ( F 
The incoming luminescent flux toward the wall at the surface (integrated over /2 to = and
Consider the luminescent emission in the outward direction and assume that the scattering occurs only at the wall. The outgoing luminescent intensity 
At this stage, the outgoing luminescent intensity 
Eq. (A16) indicates that for an optically thin PSP layer the outgoing luminescent intensity is proportional to the extinction coefficient (the molar absorptivity and luminescent molecule concentration), paint layer thickness, quantum yield of luminescent molecules, and incident excitation light flux. The term 1 K represents the combined effect of the optical filter, excitation light scattering, and direction of the incident excitation light. The outgoing luminescent intensity averaged over the layer is 
where the unit of 
Photodetetor output
Consider an optical system located at a distance R 1 from a source area (see Fig. 2 ). The solid angle with which the lens is seen from the source can be approximated by 
is the detector's quantum efficiency, G is the system's gain, and ) ( F 
The term 2 K represents the combined effect of the optical filter, luminescent light scattering, and system response to the luminescent light. 
